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DQG
DUHQRWQHHGHGWKHFRUUHVSRQGLQJPDWULFHVFDQEHUHXWLOL]HG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RSHUDWLRQVZLOOEHUHSUHVHQWHGE\PHDQVRIWKHK\SHUJUDSKJUDPPDUUXOHV>@(DFKK\SHUJUDSKZLOOEH
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QRGHV DVVLJQHG WR WKHP 7KH QRGHV DV ZHOO DV K\SHUHGJHV ZLOO EH ODEHOOHG DQG ZLOO KDYH VHWV RI
DWWULEXWHVZKLFKZLOOUHSUHVHQWWKHSURSHUWLHVRIWKHFRUUHVSRQGLQJPHVKHOHPHQWV$GGLWLRQDOO\ IRU
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WKHOHIWKDQGVLGH
RGXFWLRQS /5
E\DK\SHUJUDSK5
QRGHV RI / E\ WKH
HPSODU\SURGXFWLRQ
RGHV ZLWK ODEHOV Y
FRUUHVSRQG WR WKH
RWKHYHUWLFDOHGJHV
QRGHV RI WKH ILQLWH
USURGXFWLRQ
PHVKJHQHUDWLRQ
I WKHPHVK LQWR WKH
Hypergraph Grammars in non-stationary hp-adaptive FEM A. Paszynska, et.al.
878

VHTXHQFHRIPDWULFHVIRUWKHVROYHUDOJRULWKP,QWKLVSDSHUZHFRQFHQWUDWHRQWKHFRQVWUXFWLRQRIWKH
HOLPLQDWLRQWUHHVE\JUDSKJUDPPDUSURGXFWLRQVH[HFXWHGGXULQJWKHPHVKUHILQHPHQWSURFHVV(DFK
K\SHUJUDSK JUDPPDU SURGXFWLRQ FRUUHVSRQGLQJ WR PHVK RSHUDWLRQV ZLOO EH H[WHQGHG E\ DGGLWLRQDO
RSHUDWLRQ RQ WKH H[LVWLQJ HOLPLQDWLRQ WUHH )RU GHWDLOHG GHVFULSWLRQ RI WKH VHW RI DOO K\SHUJUDSK
JUDPPDU SURGXFWLRQVPRGHOLQJ WKHPHVK UHILQHPHQW SURFHVVZH UHIHU WR >@7KHPDLQ LGHD RI WKH
FRQVWUXFWLRQ RI WKH HOLPLQDWLRQ WUHH GXULQJ WKH UHILQHPHQW SURFHVV LV WKH IROORZLQJ
)RUHDFKSURGXFWLRQH[HFXWLQJVRPHPHVKUHILQHPHQWZHSHUIRUPWKHIROORZLQJQHZRSHUDWLRQV
ZHFUHDWHQHZQRGHVFRUUHVSRQGLQJWRWKHQHZO\FUHDWHGHOHPHQWV
ZHDGGWKHQRGHVWRWKHWUHHLQWKHVXLWDEOHSODFH
ZHJRDORQJWKHSDWKIURPWKHSDUHQWRIWKHQHZO\DGGHGQRGHVWRWKHURRW
LIWKHGLIIHUHQFHEHWZHHQKHLJKWRIWKHOHIWDQGULJKWVXEWUHHLQWKHSDWKLVELJJHUWKDQWKHQZH
SHUIRUPWKHURWDWLRQWRWKHULJKW
LIWKHGLIIHUHQFHEHWZHHQKHLJKWRIWKHOHIWDQGULJKWVXEWUHHLQWKHSDWKLVVPDOOHUWKDQWKHQZH
SHUIRUPWKHURWDWLRQWRWKHOHIW
7KHDOJRULWKPRIFRQVWUXFWLRQRIWKHHOLPLQDWLRQWUHHZLOOEHVOLJKWO\GLIIHUHQWIRUWKHFDVHRIWKH
UHILQHPHQWRIDQHOHPHQWLQWRIRXUHOHPHQWVVXLWDEOHSURGXFWLRQLVSUHVHQWHGLQ)LJXUHDQGIRUWKH
FDVHRIWKHUHILQHPHQWRIDQHOHPHQWLQWRWZRHOHPHQWVVXLWDEOHSURGXFWLRQLVSUHVHQWHGLQ)LJXUH

)LJXUH3URGXFWLRQSHUIRUPLQJWKHUHILQHPHQWRIWKHHOHPHQWLQWRIRXUQHZHOHPHQWV

)LJXUH3URGXFWLRQSHUIRUPLQJWKHUHILQHPHQWRIWKHHOHPHQWLQWRWZRQHZHOHPHQWV

,Q WKH SDSHU WKUHH WHVW FDVHV FRQFHUQHG WKH /VKDSH DUH FRQVLGHUHG 7HVW FDVH ZKHQZHK
UHILQH WZR HOHPHQWV LQWR WZR QHZ HOHPHQWV DORQJ WZR HGJHV DV LW LV LOOXVWUDWHG LQ )LJXUHV 
7HVWFDVHZKHQZHKUHILQHDQHOHPHQWLQWRWZRHOHPHQWVSHUIRUPLQJDGDSWDWLRQDORQJRQHHGJH
DVLWLVLOOXVWUDWHGLQ)LJXUHV7HVWFDVHZKHQZHKUHILQHDQHOHPHQWLQWRIRXUHOHPHQWV
SHUIRUPLQJDGDSWDWLRQDORQJWZRHGJHVDVLWLVLOOXVWUDWHGLQ)LJXUHV

)LJXUH7HVWFDVHWKHJHQHUDWHGPHVKDQGWKHFRUUHVSRQGLQJHOLPLQDWLRQWUHH
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FRUUHVSRQGLQJ HOLPLQDWLRQ WUHHV HOLPLQDWLRQ WUHH DIWHU DGGLQJ QHZQRGHV DQG  WUHH DIWHU DGGLQJ
QHZQRGHVDQGDQGWUHHDIWHUURWDWLRQUHVSHFWLYHO\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
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)LJXUH  7HVW FDVH   WKH PHVK DIWHU SHUIRUPLQJ WKLUG UHILQHPHQW DORQJ WZR HGJHV DQG WKH
FRUUHVSRQGLQJHOLPLQDWLRQWUHHVHOLPLQDWLRQWUHHDIWHUDGGLQJQHZQRGHVDQGWUHHDIWHUURWDWLRQ
DQGWUHHDIWHUDGGLQJQHZQRGHVDQGUHVSHFWLYHO\
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DQGWUHHDIWHUURWDWLRQUHVSHFWLYHO\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)LJXUH7HVWFDVHWKHJHQHUDWHGPHVKDQGWKHFRUUHVSRQGLQJHOLPLQDWLRQWUHH

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)LJXUH 7HVW FDVH  WKHPHVK DIWHUSHUIRUPLQJ WKH ILUVW UHILQHPHQW DORQJRQH HGJH DQG WKH
FRUUHVSRQGLQJ HOLPLQDWLRQ WUHHV HOLPLQDWLRQ WUHH DIWHU DGGLQJ QHZ QRGHV  DQG  DQG  WUHH DIWHU
URWDWLRQUHVSHFWLYHO\

)LJXUH7HVWFDVHWKHPHVKDIWHUSHUIRUPLQJWKHVHFRQGUHILQHPHQWDORQJRQHHGJHDQGWKH
FRUUHVSRQGLQJHOLPLQDWLRQWUHHHOLPLQDWLRQWUHHDIWHUDGGLQJQHZQRGHVDQG
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



)LJXUH 7HVWFDVH  WKHPHVKDIWHUSHUIRUPLQJ WKH WKLUG UHILQHPHQWDORQJRQHHGJHDQG WKH
FRUUHVSRQGLQJ HOLPLQDWLRQ WUHHV HOLPLQDWLRQ WUHH DIWHU DGGLQJ QHZ QRGHV  DQG  DQG  WUHH DIWHU
URWDWLRQUHVSHFWLYHO\



)LJXUH7HVWFDVHWKHPHVKDIWHUSHUIRUPLQJWKHIRXUWKUHILQHPHQWDORQJRQHHGJHDQGWKH
FRUUHVSRQGLQJHOLPLQDWLRQWUHHVHOLPLQDWLRQWUHHDIWHUDGGLQJQHZQRGHVDQGDQGWUHHDIWHU
URWDWLRQUHVSHFWLYHO\
7KHDOJRULWKPIRUFRQVWUXFWLRQRIWKHHOLPLQDWLRQWUHHIRUWKHWHVWFDVHLVPRUHFRPSOLFDWHGWKDQ
IRUWKHFDVHVDQG7KHDOJRULWKPFDQEHGHVFULEHGDVIROORZV
:HFUHDWHIRXUQHZQRGHVFRUUHVSRQGLQJWRQHZO\FUHDWHGHOHPHQWV
:HEXLOG WZRVXEWUHHVHDFK FRQVLVWLQJRI WKH WZRQHZO\FUHDWHGQRGHVDQG WKHLUSDUHQW WKH
URRW QRGH RI D VXEWUHH 7KH QRGHV DUH JURXSHG LQWR SDLUV LQ VXFK DZD\ WKDW QHLJERUV RI WKH ELJ
HOHPHQWEHORQJV WRWKHVDPHSDLUIRUH[DPSOHQRGHVDQGIURP)LJXUHVKRXOGEHLQWKHVDPH
SDLUEHFDXVHWKH\DUHQHLJKERUVRIWKHELJHOHPHQW7KHGHFLVLRQDERXWJURXSLQJRIWKHQRGHVLV
PDGHEDVHGRQWKHYLUWXDODGDSWDWLRQZKLFKLVSHUIRUPHGEHIRUHWKHUHDODGDSWDWLRQ7KXVZHNQRZ
ZKLFKHOHPHQWZLOOQRWEHUHILQHGZKLFKHOHPHQWZLOOUHPDLQWKHELJHOHPHQW

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

)LJXUH7HVWFDVHWKHJHQHUDWHGPHVKDQGWKHFRUUHVSRQGLQJHOLPLQDWLRQWUHH



)LJXUH 7HVW FDVH  WKHPHVK DIWHUSHUIRUPLQJ WKH ILUVW UHILQHPHQW DORQJRQH HGJH DQG WKH
FRUUHVSRQGLQJHOLPLQDWLRQWUHHVHOLPLQDWLRQWUHHDIWHUDGGLQJQHZQRGHVDQGDQGWUHHDIWHU
URWDWLRQUHVSHFWLYHO\

)LJXUH7HVWFDVHWKHPHVKDIWHUSHUIRUPLQJWKHVHFRQGUHILQHPHQWDORQJRQHHGJHDQGWKH
FRUUHVSRQGLQJHOLPLQDWLRQWUHHVHOLPLQDWLRQWUHHDIWHUDGGLQJQHZQRGHVDQGWKH WUHHDIWHU
URWDWLRQUHVSHFWLYHO\

:HJRDORQJWKHSDWKIURPWKHSDUHQWRIWKHQHZO\DGGHGQRGHVWRWKHURRW
LIWKHGLIIHUHQFHEHWZHHQKHLJKWRIWKHOHIWDQGULJKWVXEWUHHLQWKHSDWKLVELJJHUWKDQWKHQZH
SHUIRUPWKHURWDWLRQWRWKHULJKW
LIWKHGLIIHUHQFHEHWZHHQKHLJKWRIWKHOHIWDQGULJKWVXEWUHHLQWKHSDWKLVVPDOOHUWKDQWKHQ
SHUIRUPWKHURWDWLRQWRWKHOHIW
:HURWDWHWKHVXEWUHHZLWKVPDOOHUKHLJKW
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

)LJXUH7HVWFDVHWKHHOLPLQDWLRQWUHHDIWHUDGGLQJQHZQRGHVDQG

)LJXUH  7HVW FDVH   PHVK DIWHU SHUIRUPLQJ WKH WKLUG UHILQHPHQW DORQJ RQH HGJH

)LJXUH7HVWFDVH WKHHOLPLQDWLRQWUHHDIWHUDGGLQJ WKHQHZQRGHVDQGURWDWHG
WUHHUHVSHFWLYHO\


)LJXUH 7HVW FDVH   WKH HOLPLQDWLRQ WUHH DIWHU DGGLQJ WKH QHZQRGHV DQG WKH QHZ
QRGHV
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
 1XPHULFDOUHVXOWV
:HFRQFOXGHWKHSDSHUZLWKQXPHULFDOVLPXODWLRQRIWKHPRGHOQRQVWDWLRQDU\SUREOHPIURP>@
SHUIRUPHGXVLQJWKHJUDSKJUDPPDUEDVHGVROYHULQ*$/2,6>@:HSURYLGHWKHH[HFXWLRQWLPHVIRU
HDFK WLPH VWHS 7KH WRWDO WLPH IRU HDFK WLPH VWHS LQFOXGHV OLQHV  RI RXU DOJRULWKP WKDW LV
WKHFRDUVHDQGWKHILQHPHVKVROXWLRQVDVZHOODVWKHSURMHFWLRQVDQGJHQHUDWLRQRIWKHRSWLPDOPHVK
IRU WKH QH[W VWHS 7KH SURMHFWLRQV FRPSXWHG LQ OLQHV  DQG  DUH REWDLQHG E\ XVLQJ WKH IDVW
SURMHFWLRQEDVHG LQWHUSRODWLRQ DOJRULWKP > @ 7KH VFDODELOLW\ RI WKH DOJRULWKP LV SUHVHQWHG LQ
)LJXUH)RUWKHGLUHFWVROYHUVROXWLRQVRYHUWKHFRDUVHDQGWKHILQHPHVKHVZHXWLOL]HWKHVWUDWHJ\
GHVFULEHG LQ >@ H[WHQGHG WR WKH UHXVH RI WKH HOLPLQDWLRQ WUHHV 7KH VWUDWHJ\ DOORZV IRU SHUIRUPLQJ
LWHUDWLRQV RI KS DGDSWDWLRQ LQ RQH WLPH VWHS DW WKH VDPH WLPH ZKLOH SURJUHVVLQJ ZLWK WLPH VWHS
LWHUDWLRQVXVLQJLQWHUPHGLDWHVROXWLRQVDQGHOLPLQDWLRQWUHHVIURPSUHYLRXVWLPHVWHSV7KHJDLQRIWKH
H[HFXWLRQWLPHFDQEHHVWLPDWHGLQWKHIROORZLQJZD\/HWXVDVVXPHWKHFRGHUHTXLUHVWLPHVWHS
LWHUDWLRQVZLWKDYHUDJHQXPEHURI LWHUDWLRQVRI WKHDGDSWDWLRQ LQHYHU\ WLPHVWHS ,Q WKH VWDQGDUG
DOJRULWKPZHVWDUWIURPLQLWLDOJULGLQHYHU\WLPHVWHSLWHUDWLRQDQGSHUIRUPLQDYHUDJHLWHUDWLRQVRI
WKH DGDSWDWLRQ LQ HYHU\ WLPH VWHS 7KH WRWDO FRVW LV  >V@ ZKLFK LV DSSUR[ >KRXUV@
ZKHUH  LV WKH WRWDO FRVW RI H[HFXWLRQ RI  LWHUDWLRQ 2XU VWUDWHJ\ UHGXFHV WKLV WLPH WR
  >V@ZKLFK LV DSSUR[  >KRXUV@ ZKHUH  LV WKH WLPHRI H[HFXWLRQ RI WKH ODVW
LWHUDWLRQXVLQJFRUHV7KLVLVEHFDXVHRQFHZHKDYHFRPSXWHGWKHDFFXUDWHVROXWLRQLQWKHILUVWWLPH
VWHSZLWK LWHUDWLRQVRI WKH DGDSWDWLRQZH DOUHDG\KDYH D ILUVWVROXWLRQ LQ WKHWK WLPH VWHS WZR
LWHUDWLRQVLQWKHWKWLPHVWHSWKUHHLWHUDWLRQVLQWKHWKWLPHVWHSDQGVRRQZLWKLWHUDWLRQVLQWKH
VHFRQGWLPHVWHS,QDOORWKHUWLPHVWHSVFRUHVDUHZRUNLQJDQGWKHVROXWLRQIURPWKHODVWLWHUDWLRQ
RIWKHSURJUHVVLQJWLPHVWHSLVPRUHH[SHQVLYHZKLFKJLYHVWLPHRIWKHVROXWLRQIRUWKHODVW
LWHUDWLRQRIDGDSWLYLW\
)LJXUH  6FDODELOLW\ OHIW SDQHO DQG FRQYHUJHQFH ULJKW SDQHO RI WKH SURMHFWLRQ EDVHG
LQWHUSRODWLRQDOJRULWKP

)LJXUH6QDSVKRWVIURPWKHQRQVWDWLRQDU\VLPXODWLRQRIWKHKHDWWUDQVIHU

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
 &RQFOXVLRQV
7KHSUHVHQWHGJUDSKJUDPPDUPRGHODOORZHGIRUHIILFLHQWVROXWLRQRIWKHQRQVWDWLRQDU\SUREOHP
ZKHUHZHFDQSHUIRUPWLPHVSDFHSDUDOOHOFRPSXWDWLRQVZLWKUHXWLOL]DWLRQRIERWKWKHVROXWLRQVDQGWKH
HOLPLQDWLRQWUHHVIURPSUHYLRXV WLPHVWHSVDQGSUHYLRXVLWHUDWLRQVRIWKHDGDSWDWLRQ7KHHOLPLQDWLRQ
WUHHV ZHUH XSGDWHG DW WKH VDPH WLPH ZKHQ ZH SHUIRUPHG WKH PHVK UHILQHPHQWV $GGLWLRQDOO\ ZH
DSSOLHGWKHIDVWSURMHFWLRQEDVHGLQWHUSRODWLRQDOJRULWKPIRUVSHHGLQJXSRIWKHSURMHFWLRQSURFHVV$OO
WKLVPHWKRGRORJLHVFRPELQHVWRJHWKHUDOORZHGXVWRVSHHGXSWKHVROXWLRQSURFHVVIRUWKHVROXWLRQRI
WKHQRQVWDWLRQDU\SUREOHP

$FNQRZOHGJHPHQW
7KH ILUVW DXWKRU LV VXSSRUWHG E\ 1DWLRQDO 6FLHQFH &HQWUH 3RODQG JUDQW QR '(&
%677KHVHFRQGDXWKRULVVXSSRUWHGE\1DWLRQDO6FLHQFH&HQWUH3RODQGJUDQWQR
'(&1677KHWKLUGIRXUWKDQGILIWKDXWKRUVDUHVXSSRUWHGE\WKH1DWLRQDO6FLHQFH
)RXQGDWLRQJUDQWV&16&&);36DQG&16
5HIHUHQFHV
>@+XJKHV7-5/LQHDUVWDWLFDQGG\QDPLFILQLWHHOHPHQWDQDO\VLV'RYHU3XEOLFDWLRQV
>@ 'HPNRZLF] /  &RPSXWLQJ ZLWK +S$GDSWLYH )LQLWH (OHPHQWV 9RO  2QH DQG 7ZR 'LPHQVLRQDO
(OOLSWLFDQG0D[ZHOO3UREOHPV&KDSPDQ	+DOO&5&3UHVV
>@ 6FKDHIHU 5 àRĞ0 6LHQLHN0 'HPNRZLF] / 3DV]\ĔVNL0  4XDVL/LQHDU &RPSXWDWLRQDO &RVW
$GDSWLYH 6ROYHUV IRU ' 0RGHOLQJ RI +HDWLQJ RI D +XPDQ +HDG ,QGXFHG E\ &HOO 3KRQH -RXUQDO RI
&RPSXWDWLRQDO6FLHQFH
>@ +DEHO $ .UHRZVNL +-  0D\ :H ,QWURGXFH WR <RX +\SHUHGJH 5HSODFHPHQW /HFWXUH 1RWHV LQ
&RPSXWHU6FLHQFH±
>@ +DEHO $ .UHRZVNL +-  6RPH 6WUXFWXUDO $VSHFWV RI +\SHUJUDSK /DQJXDJHV *HQHUDWHG E\ +\SHUHGJH
5HSODFHPHQW/HFWXUH1RWHVLQ&RPSXWHU6FLHQFH±
>@3DV]\ĔVND$*UDEVND(3DV]\ĔVNL0$*UDSK*UDPPDU0RGHORIWKHKS$GDSWLYH7KUHHGLPHQVLRQDO
)LQLWH(OHPHQW0HWKRG3DUW,)XQGDPHQWD,QIRUPDWLFDH
>@3DV]\ĔVND$*UDEVND(3DV]\ĔVNL0$*UDSK*UDPPDU0RGHORIWKHKS$GDSWLYH7KUHHGLPHQVLRQDO
)LQLWH(OHPHQW0HWKRG3DUW,,)XQGDPHQWD,QIRUPDWLFDH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>@ ĝOXVDUF]\N * 3DV]\ĔVND $  +\SHUJUDSK *UDPPDUV LQ KSDGDSWLYH )LQLWH (OHPHQW 0HWKRG 3URFHGLD
&RPSXWHU6FLHQFH
>@0DWXV]\N36LHQLHN03DV]\ĔVNL0)XOO\$XWRPDWLF'KS$GDSWLYH)LQLWH(OHPHQW0HWKRGIRU1RQ
6WDWLRQDU\+HDW7UDQVIHU3URFHGLD&RPSXWHU6FLHQFH
>@3DV]\ĔVND$3DV]\ĔVNL0-RSHN.:RĨQLDN0*RLN'*XUJXO3$ERX(LVKD+0RVKNRY0&DOR
9 0 /HQKDUWK 9 0 1JX\HQ ' 3LQJDOL .  4XDVL2SWLPDO (OLPLQDWLRQ 7UHHV IRU ' *ULGV ZLWK
6LQJXODULWLHV6FLHQWLILF3URJUDPPLQJ9ROXPH$UWLFOH,'
>@:RĨQLDN 0  $SSOLFDWLRQV RI SURMHFWLRQEDVHG LQWHUSRODWLRQ DOJRULWKP IRU QRQVWDWLRQDU\ SUREOHP
&RPSXWHU6FLHQFHLQSUHVV
>@*XUJXO3$/LQHDU&RPSOH[LW\'LUHFW6ROYHUIRU+DGDSWLYH*ULGV:LWK3RLQW6LQJXODULWLHV3URFHGLD
&RPSXWHU6FLHQFH
>@*XUJXO36LHQLHN00DJLHUD.6NRWQLF]Q\0$SSOLFDWLRQRIPXOWLDJHQWSDUDGLJPWRKSDGDSWLYH
SURMHFWLRQEDVHGLQWHUSRODWLRQRSHUDWRU-RXUQDORI&RPSXWDWLRQDO6FLHQFH
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